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Asymptotic Evaluation of certain Totient Sums. 

By Derrick Norman Lehmer. 



Introduction. 



This investigation is the outcome of an attempt to account for what seems 
to be a remarkable law first observed in particular cases in 1895. It may be 
stated as follows : 

Consider any set « of ^ linear forms, an + hf (i = 1 .... h), all of which 
have the same modulus a, and where [a, 6J = 1.* Consider, further, a function 
0, (a;) such that ©^ (a;) = 1 or 0, according as each of the prime divisors of x 
belongs to one of the forms of the set s or not. If then v (x) denotes the num- 
ber of distinct primes in a; , we have 

lim *.^i — = constant. 



iV=oo 



N 



In the following we shall prove this law where s is the set of linear forms 
belonging to a binary quadratic form. We shall also determine the constant in 
this case. 

In the investigation of this law, it seemed necessary to construct a more 
general theory of what Professor Sylvester has called the Totient Function — the 
function which denotes the number of integers not greater than a given number 
and prime to it. Euler, the first to discuss the function, denotes it by 7t (x) . 
Sylvester denotes it by t (x). Most continental writers follow Gauss, and denote 
it by ^{x) . We shall denote it by (pi(x), as a special case of a more general 
function ^^ (x) , which we have called the Multiple Totient of x of multiplicity 
m , or the »j-fold totient of x . 

* [a, b] here, as always, denotes the greatest common divisor of a and b. 
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CHAPTBE I. 

Multiple Totients. 

The ordinary totient of an integer x being defined as the number of integers 
y such that 

and [a>, «/] = !, 

we have as a generalization the following definition : 

Definition: The m-fold totient of an integer x is the number of different sets 
of integers 

Xi X2 . . • • Xjn 

which satisfy the conditions 

» ^ aJi > 1 , (i = 1 . . . . m) , 

and [x, Xi, Xg, a;^] = 1 • 

Two sets are considered different unless they contain the same integers arranged in the 
same order. 

Let X be given in terms of its component primes 

r 
4 = 1 

Disregard for the moment the second condition. The number of sets is then a", 
since each of the m elements Xi may run independently through the values 

I, 2, .... X. Now, among these values there are — multiples of pi. There 

Pi 

will then be I — \ sets where each element is a multiple ofp^. Similarly, there 
will be — \ sets where each element is a multiple of TT»j. The familiar 

(n..j 

principle of cross-classification* gives as the required number of sets, 
oj" JJ Tl sj , which is the formula for the w-fold totient of jc, for x4:l. 

i = l ^ Pi ^ 

* See note on the principle of cross-olassification at the end of this chapter. 
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For a; = 1 we have the m-fold totient equal to unity. Denoting it by ^„ (x) , we 
have the theorem : 



Theorem I. For x = ]][i>i* ^ 1 , 

4 = 1 



and ^m{^) = !• 

The formula for ^'^{x) may be written in different forms easily obtainable from 
this. Thus : 

i: = l 

with again the understanding that ^^(l) := 1. A third important form is given 
in the theorem : 

Theorem IT. ^» («=) = a'™ 2 ^ ' 

the sum extending over all d's which are divisors of x, and fi being Mertens^s Func- 
tion (cf. Grelle's Journal, vol. LXXVII, p. 289, 1874), defined as follows : 

i«(l) = l, 
and (i{x)^=-{—lY or , 

according as each of the /i distinct primes in x occurs to the first power or not. 

We shall see that for every theorem connected with the ordinary totient 
^1 (cc) there is a corresponding one in the theory of the function ^^ (.r) . The 
following theorem. is evident: 

Theorem III. If x and y are relative primes, 

^m (x) ^m {y) — ^m (^?/) • 



Also we can show the following 
Theorem IV. 






the sum extending over all d's which are divisors of x. 
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For we have, when jc > 1 , 

and the sum in question may be written 

II t^ Apt)- 

Now for ^ = 0, (pmipT) = 1- Otherwise, it is given by the formula above as 
The terms of the sum are then seen to cancel in pairs except the last one, which is 

r 

pf^. The expression is then equal to JJ pf™ = a?™- Hence the theorem. 
The following theorem is of importance also : 
Theorem V. ^^ (of) = »;'"<"-'' <?>» (a;), 

and 



We have 



4 = 1 ^ Fi '' 



By division the theorem follows. 

We shall need to express ^^ (xy) in terms of ^^{y) . To this end we prove 
the fundamental theorem : 

Theorem VI. 

4>» M = n b"" -pT^''-'' ^ {y, Pi)'] 1>m {y) , 

i — l 

where ?i {y, 2\) = or 1 , according as pi is or is not a divisor of y, 

r 

Let 2/ = Z XI i'^'' ^^^^® C^' ^] — ^' and/3i>0. 

^m {xy) = n ipT'^'^'^-'' {PT - 1)] 1>m (l) ; 



i = l 

We have 



t=i 



= 11 br'^-^K— 1)] Ili'r^mCO- 
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If, now, /3i=t=0, the expression pff^«"^'(;pr~ 1)^™(Z) is equal to^^{pfl). 
If, however, /?i = 0, this change cannot be made, but in this event p{ is not a 
factor of y . Thus the product of the pf*^s that do go over into the ^^ function is, 
when multiplied by I, precisely y itself. The factor left outside when /?< = is 
^m(<.,-i) (^« _ 1). If /3< :5^ 0, the factor is pT'^, and the theorem is proved. 

It follows from this theorem that if y runs through the values 1, 2, 3, .... , 

r 

the coefficient of ^^ {y) on the right will be periodic of period JJ pi . For if 

Y 

y'^y' (mod U P<), then pi divides y when, and only when it divides y or 

:^{y,p:) = %{y',p:), 
For example, in the case of the ordinary totient, (m = 1), we have for a; = 18 : 

^i(18.1)= 6 4)i(l), 
4)i(18.2) = 12 4)i(2), 
4)1 (18.3)= 9 4)1 (3), 
4)i(18.4)= 124,1(4), 
4)1 (18.5)= 64)1(5), 
4)i(18.6)= 18 4.1(6). 

The coefficients now recur, the period being 2.3 = 6 . 

We define now two functions by the following equations : 

m 

ii„ \x , n, fc) — ^ ii^ k")^ ' 



where m, n and k are positive integers greater than zero, and x is positive but 

not necessarily integral. \^\ denotes here, as always, the greatest integer in ^ . 

In studying these functions we shall also need the function iS{x, k) defined by 
the equation 

S{x,k) = Y,i\ 
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We shall also need the well-known theorem, 

m = [t] • 

Theorem VII. 



1 



•|;y»(~-i)cD^ (^ , «, l) = Six, m.n). 



To show this theorem, we take the first difference of the function on the 
left with respect to [cc] . This may be written 

Now, if y does not divide [x] , the expression in the braces will vanish. If, on 
the other hand, / is a divisor of [x] , d say, — then the expression in braces 
becomes 

But this, by Theorem V, is equal to 



The first difference in question may then be written : 

w 

where the sum is extended over all d's which are divisors of [jc] . If we put 
dd' = [x] , this becomes 

where again the sum extends over all the divisors, d', of [a;] . By Theorem IV 
this is [a;]""'. Since now <I>m(l, n, 1) = 1™", the theorem follows. 

In precisely the same way we can prove 

Theorem VIII. 
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Making use of the well-known recursion formula for Mertens's Function (cf, 
Bachmann, " Zahlentheorie," vol. II, p. 310), we easily derive from the formula 
of Theorem VII the following: 

Theorem IX. 

*» {x ,»,!) = y /i (^) ^'""'-i'aS f 4- , mn) . 

This theorem is of cardinal importance for the sequel, as is also the corres- 
ponding theorem for the H function, which is proved in precisely the same way 
starting from Theorem VIII. 

Theorem X. 

Similar formulae for the general case where h'^ 1 do not appear to be 
obtainable, but we may find a general reduction formula by which we may 
reduce the general formulae. 

Theorem XI. If ^ = TTpts and Jd^-r;, then 

^^{x, n, h) =i>r<"'"-ni'r- 1)^. (Jr. ». ^0 






■Pr 

To prove this formula, we observe that when i is prime to Pr, we have, by 

Theorem VI, 

^^ {i" 1^) = _p;(-«-i) (_p, - 1) ^™ (i" ^") . 

Assuming for the moment that i is prime to p^ for i = 1, 2, .... f-?-! , we get 

on the left by summing 

[f] 

i = l 

by definition. On the right, we have 

[t] 
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Now, since 



m= 






Lp' 



h' 



this last is by definition 



p7'^'^-'\Pr-\)^J-^,n,y). 

\Pr ^ 

We must now correct for those terms where i is not prime to p^ ; that is, for 

[t]" 



For such terms we have, by Theorem VI. 



Pr J 



Vr 



But we have already taken such terms with a coefficient 2)™'°'""^* [p^ — 1), so we 
have only to add the sum 

(i) 

where the sum is extended over the values of i as given above, viz. : 



l=Pr, 2p, 



Pr 



Pr 



We might write this sum, 
where now * takes the values 



%=!, 2, 3, .. 



Pr 



that is, 



i= 1, 2, 3, 



Prk' 
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i = l 
is by definition 

and the theorem is proved. 

By using the last theorem as a recursion formula, we obtain the theorem : 

Theorem XII. 7/ ^ = jj^ pl\ and ]d = ~-^ , then 



Pr 

I 



^ 



W (x, n, k) =^»(^^«-i) {p, _ 1)2 pr'"-^>^'4>» (-^. , n, A;') , 
wAere Z is the first value of j for which I ^^ ^ ^. [ = 0. 

This then is a reduction formula, by means of which the general function 
<I)„(a;, n, h) may be expressed as a rational integral function of 4>^ (a;, «, l). 
Similar theorems may be obtained for the fl function. Corresponding to Theo- 
rem XI, we have 

A h 

Theorem XIII. i/" A; =: I I pi', and y =■ — , then 

i = l Pr' 

£l^{x, n, Jc)=pT-<'^^~' + '^{p,-l)£lJ~, n,k') 

\Pr ' 

\Pr / 

Corresponding to Theorem XII, we have 

Theorem XIV. Ifk= JJi^r. and k' = -^ , then 

n^ (x, n, h) =p7«K"^+i) [p^ _ 1) 2i>7""^fl. (_^ ,n,y), 



3 = 



where I is the first value of j for ivhich \ x-.T = 0. 

40 
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It is remarkable that the theorems for the function H may be obtained 
from those of the function 4> by changing /Tinto — (« — 1), as if, indeed, 



n,„(x, n,k)=:<^^{x, —n— 1, k), 
or as if the formula of Theorem V held for negative values ofn, and 

If, in fact, we take as a definition of ^,„(a3~"), 

the functions £1 and <l> are identical. 

The special case of Theorem VII where m=: n = k~l was discovered by 
Sylvester (Philosophical Magazine, 1883, p. 251). 

Note.— The principle of cross-classification referred to on page 4 of this 
chapter, may be stated as follows (cf H. J. S. Smith Works, vol. 1, p. 36) : 

Suppose, in a collection of N individuals, there are n different classes which 
are not mutually exclusive. Suppose there be given the number of individuals 
belonging in each class. It is required to determine the number of individuals 
which belong to none of the n classes. 

With the notation iV^aj,, a^,, a<^) to denote the number of individuals 

belonging at the same time to each of the ;i classes a^, a^^, the answer to the 

problem may be written 

n! 



re A! (ti — A)! 
A=0 t=l 

where iVo = . 

For, consider the effect of the above on an individual that occurs in v 

classes. For ?,= 1 it is subtracted v times. For a = 2 it is added ^^-^^^ — ^ 

times, and in general for ;i = r, it is added or subtracted 



v{v — l){v—2) {v — r — 1) 

71 
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times, according as r is even or odd. The resulting effect for yl = 1, 2, 3, . . . . v 
is expressed by the sum 

rjv-l) v{v- l){v— 2) _ i.(v-l) .... (v-r-l) ^ 

2! ^ 31 ••••± ^ rt...., 

which is — 1 + (1 — 1)". If V = 0, the individual belongs to none of the sub- 
classes and remains undisturbed by the above process. If v ^ 0, the indi- 
vidual has been rejected once as was desired. 

In certain cases of frequent occurrence in the Theory of Numbers, the above 
sum may be greatly simplified. If the number of individuals belonging simulta- 
neously to the classes at^, at^, .... a,, be given by N.^{ai^ .... a,,), where ^ is 
such a function that 

then the above sura may be put into the product form : 



OHAPTEE II. 

Approximative Foemuljs for Multiple Totients. 

We propose in this chapter to develop certain formula3 of approximation 
for the functions ^ and £l . The results are, in fact, generalizations of the well- 
known formula for the totient function (Dirichlet, Werke, vol. II, p. 60 ; Mertens, 
Crelle's Journal, vol. LXXVII, p. 289, 1874). 

It will be necessary, first of all, to obtain a formula for the sum S{x, n) 
defined on page 8. Such a formula has already been obtained for positive inte- 
gral values of 03 and n by Noel in Quetelet's Correspondance Math^matique, vol. 
Ij p. 124, where use is made of it to prove certain theorems in geometry and 
mechanics. For our purposes, however, it will be necessary to remove the 
above restrictions on a; and n except that x is supposed positive. 

Theorem l . For all positive values of x and n , 

x" + ' 



S{X, n) = — — ^ +^S(^, n), 
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where I ^s (». ») I ^ aj"- 

We assume first that x is an integer, and show that in this case 

We have 

A^fsm; n. = A^,,. „) -f (a: + 1)" + ^ - ^^^^~^ • 
If, now, we assume A^(«, „)>0, then 

A^(.+i. „, > (a: + 1) + ^^ „+i • 

But by Taylor's theorem, 

(-+X' =^, + (-+<»■• 

« + 1 « + 1 

where < 0< 1 . We thus obtain 

A^ts+i; .)>(« + !)"- (a; + er, 
>0. 



n 



If, therefore, A^(,, „> > , we will also have A;,(5qrT, „> > . But Asa, «) = ;^:xi >^ ' 
for n >• 0. Therefore, in general, A^(,,„) is positive. Again if we assume 

we have 

But again, by Taylor's theorem, 

(E±^l^ = x-+^ + x'' + nCx-\-ey \ 

where < < 1 . We thus obtain 

Asi^,„,<ix+ir-n{x + ef-\ 

which, bemg positive, is less than (» + 1)". Again, since Asa.n)= ", <1"> 
the theorem as stated is true for all integer values of a. 
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Let, now, x be any positive number. Then we have 

as above. Put now [x] = a; — a^, where 0<a^<C. 1, and we have, by Taylor's 
theorem, 

where < < 1 . We have, therefore. 



where A^,,, „> = A^(^, «, — ^^ (»• _ 0<t^)». 

Now, both terms on the right are essentially positive, and their difference is less 
than the greater of them. The greatest value of a^ {x — Qa^y is obtained by 
putting o« = 1 , 0=0, which gives jk". The theorem follows. 
Theoebm II. For x>l, 

S(x, — 1) = log a; + A^(,, _!,, 
where \^8(x.-i)\S^- 

We have a well-known formula for S{x, — 1), (cf. Boole, "Finite Differences," 
p. 93), when x is integral, namely : 

S{x, — 1) = log a; + A^(^, _i, , 
where 



i = l 



{s denotes Euler's constant .577215 , and the B's are Bernaulli's numbers.) 

It is seen at once that 

|A„,.,_.,|<a + i+||^-^. 



306 Lehmee : Asymptotic Evaluation of certain Totient Sums. 

But we also have (Boole, "Finite Differences," p. 109), 

^2.-1 _ 2^1.2 n' 






{2i)\ (27tf*f- /*=(27tf 6 



711 

Also, since (27i)^* >• -— i, we have 

Su-i^ 2 . 

{2i)\ ^ i ' 

so that , , ^ -r^ 1 

i = l 

<3. 

In case a; is not an integer, we have as above, 

S{x, — 1) = log [a] + As(^, _i), 

and putting [a;] = a; — a^, where < cr, •< 1 , 

S{X, — 1) =zz logX- l0g(l- ^) + A^(„_i). 

We wish to examine the absolute value of 

log (l— ^) , or of log (l— T.-^ — ^ . 

Now, for [as] > 1 , we have 

llogfl— r/r )! <|logfl ^"ll, 



and since Cj, <C i , 

lo 



<'-hV.)N'°«*<'' 



and the theorem follows. 

Theorem III. For x>l, and ?? > 1 , 

where _ ^1 -, , , ^ 1 

An) = 2, TT . and | A^„,_„)i < -^ 

We have _ V 1 



j"=W+l-J 



Lehmer : Asymptotic Evaluation of certain Totient Sums. 307 

We can now find an approximate formula for our function 

^m{x,n, 1). 
Theorem IV. 

mn + 1 2 

^m{x, n, 1) = -— — - J. +A(^^{x, n, 1), 

m,n -f -i ■t/(»i + 1) 

A™+i)=21 J+i and |A^^(a;, n, 1)| S^x^'-log », 

J. feeittgr ^mfe and independent ofx,m and n . 

We start from Theorem X of the preceding chapter, 

<^r.{x,n, l)=y^(i)*™<»-".S'(-^,7nn). 
Writing in our formula for iS (--^ , mn\ this becomes equal to M+N, wl 



.41 {mn + l)i"' + ' 
and M 



since now 






we have, putting fi (i) =: 1 , 
Since m > 1 , 

i = l 

<J.ia!""loga;, 
where Ai is finite and independent of as, m and n. 
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We break up M into two parts : 

M=P+Q, 



where p _ a;"'" + ^ y ^J^ 

mn+ 1 ^, i'"+^ 

^mn + l 1 



mn + 1 Z>(™ + i)' 

and n— — '^"'"^^ V i^W 

^— mn+ 1 ^ t^^^ 

Now , ^ , ^ a:'"" + ^ Y J^ 

' win + 1 . -f^^ , i^ ' 

' » = [ic] + 1 









mn 



+ li=tf+i*(*-l) 



< 



03 



.mn + 1 



mn + 1 [as] 

<^2»'""loga;, 

where Aj is finite and independent of cc, m and n. The theorem follows. 
Theorem V. For any prime ^ >■ 1 , 

wAere i^(m+i) ** defined as in the preceding theorem, and 

! A<I)^ (a;, «, ^») I < ^x™ log x, 

A heing finite and independent of x, m and n. 

By Theorem XII of the preceding chapter we have 

I 

where I is the first value of j for which r-j;^j = 0. Put in this expression the 

value of <!>„(«, n, 1) obtained in the preceding theorem. We may write the 
result equal to if + JV", where 
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and ^ /■ ^ \ 

We have then 

<^8»™"l0gX, 

where A^ is finite and independent oix,m and n. Also we may write 

where „_ (i' — 1) «;"*»+ ^ 1 

— j,« + '» «i»+ 1 S^ 

and O = _ P— 1 a!"'"+^ 1 ^ 1 

Now ^ 1 _ 1 1 

and from our definition of Z, 

Since ^ occurs to a higher power than this in the denominator on the right in 
the equation for Q, , we may write 

|g|<^3£c™"<J.3a!'""loga;, 

where Ag is finite and independent of x, m and n. 
Finally, since 



i>» + "' mn+l T^, ^tiF"^'^ 



P = 



a: 



mn+l J p 1 



the theorem is proved. 

We will now derive a formula of approximation for ^^{x, n,Jc). For 
shortness of expression, we define a function P{m,h) by the equation 

Pt— 1 



P — TT y*— ^ 



where ^ = JJ P*'' ^^^ where also we understand 

P(m, 1) ^— 1 • 

41 
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We denote also, as in the preceding theorems, by D(k) the sum V -^ 



* 

i = l 



We prove now the general theorem 
Theorem VI. 



aj^^+i Pf„ 



mn -f i -t/(m+i) 
where \ A$,„ {x, n, k)\< Ax"^" log a; , 

A being finite and independent of x, m and n. 

Suppose that the theorem holds for ^m{x, n, Td), where y =z —- , h being 

2 r 

r 

equal to JIj?"'- 

We have, by Theorem XII of the preceding chapter, 

( 

^^ {X, n, h)=pr^''^-'' {Pr- l)2i'"'""'"*- (^ ' «. ^0 ' 



^• = 



where I is the first value of J for which 1-^1 = 0. By the hypothesis we may 
write this equal to M+ N, where 



K^"' mn+l i>(.+i,j^oi?r+^'^'' 



and 

j=0 



.7=0 ^-f" ^ 



We may, then, proceed exactly as in the preceding theorem, and the result 
shows that if the theorem is true for y it is true for Tt. But in the preceding 
theorem we have proved it for h^^'p'-. It is, therefore, true in general. 

For the particular case of the ordinary totient, we have m = w = A; = 1 , 

and P {mli) = 1 , while Z>(2) = -— -. Our formula gives, therefore. 



6 

3 



^.x^ + A, 



where | A| < J.a; logo;; a well-known result (Dirichlet, Werke, vol. II, p. 60; 
Mertens, Crelle's Journal, vol. LXXVII, p. 289, 1874). 
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The above results may be looked upon as theorems in connection with the 
function flm(a;, n, Tc), where n is negative or zero. The case « = 1 is important 
for the sequel, and a treatment precisely similar to the one used above will give 

Theoeem VII. 

where \ An™ (a; , 1, ^) | < J. log x , 

A being finite and independent of x, m and n . 

This is seen to be the same as would be obtained by the formula for 
*™(a;, 0, k). 

The case fli(a3, 2, ^) must be treated separately, since in that case 

jSf~ , — m(n — 1) J becomes Sf-r- , — 1 ) , and the formula of Theorem II must 
be employed. We start with Theorem X of the preceding chapter and write 



a,(.,2,,)=|;(f^«(^,-i), 



2 

which gives ili (jc, 2, 1) = if + iV, where 



3f=|(iffilog(4-). 



J 

Therefore, |i\r|<^-^<^„ 

Tit 

J-i being finite and independent of a;. 

We also write M— P + <9, 

iei<|^-. 
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Now logy<;y^, so 

3=1 •' 

which is a finite series (cf. Dirichlet-Dedekind, " Zahlentheorie," p. 304). 
Finally, we put P=. B -\- S, where 






and ... .2, 1 , log a; 



Collecting results, we have 



log X 



ill (a;, 2, l) = i^ + A„, (,.,,„, 

where | Ao,(^,2,i)| <^, 

A being finite and independent of a. From this point the discussion runs par- 
allel to the discussion of Theorems V and VI. "We obtain thus the theorem : 
Theobem VIII. 

Hi (x, 2, h) = log a; — 4^- + An, ^^, «, ,, , 

where \ Aq ^^^ 2, s) | ^ -4 , wAere J. is finite and independent of x . 

The remaining values of ^i are now readily disposed of. We can prove the 
theorem : 

Theoeem IX. For n > 2 , x>l, 

£i^ (a;, n, h) = \-^^ + Ao„,,. „. ,, , 

il 

where | AQ,a(a, n, ^) | < -^-^ , where A is finite and independent of x. 
We start with Theorem X of the previous chapter and write 

£i^{x,n,\)J^^s(^^,-m{n-\')), 
and, by Theorem III of this chapter, we write this equal to Jf + iV", where 

V ^0) 



j=i 



y™" 
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and by that same theorem, 
This we may write 

Now the expression y^ (^ — 1 j is a minimum when y= ~. Giving it this 
value 

4 

^ M' 

^1 being independent of a;, »i and n . 
Also, M=- P ■\- Q, where 

p— n V ^(•^') 

and 



■L'imn) 



\Q\S^(m.n-l)2j 7^ 

< -^a 

where J.^ is again finite and independent of x, m and n. The theorem is thus 
proved for ^ =: 1 . The proof then proceeds as before. 

CHAPTEE III. 

Totient Points. 

We define a totient point in space of m dimensions, as a point whose m 
coordinates are integers having unity for their greatest common divisor. Not 
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to restrict ourselves to positive or non-zero values of the coordinates, we define 
the greatest common divisor of any set of positive or negative integers, as the 
greatest common divisor of their absolute values, while the greatest common 
divisor of any number and zero is the number itself. 

The existence of any one totient point with m coordinates involves the 
existence of m ! other totient points, obtained by permuting the coordinates of 
the point in all possible ways. These points may or may not all be distinct. 
This is a special case under the more general theorem which follows : 

Theokem I. The effect of a linear homogeneous substitution with positive or 
negative integer coefficients and determinant positive or negative unity, is to trans- 
form totient points into totient points. 

From the equations of transformation it is manifest that any common 
divisor of the old coordinates must appear in the new. Solving for the old 
coordinates in terms of the new, we get again integer coefficients ; and again, any 
common divisor of the new coordinates must appear also in the old. The theo- 
rem follows. 

We define now an i-compartment of space of m dimensions, as the locus of 
points which are such that the i^^ coordinate, Xi, of each is a fixed positive or 
negative integer, not zero, and if Xj is any other of the m — 1 coordinates, 

\—^\ is a definite fixed positive or negative integer (or zero). 

Any given point lies in m different compartments, since the compartment 
may be taken with respect to any one of the m coordinates. We obtain an 
infinitude of compartments for each coordinate Xi by choosing different values 

off^l. 

Theorem II. There exists a one-to-one correspondence between the totient points 
of any two compartments, obtained by choosing different values of \ — \ , both com- 

partments being tahen with respect to the same coordinate x^. 

By addition of suitable multiples of Xi to the remaining coordinates of a 
totient point in one compartment, we derive a totient point in the other. But 
we derive only one. For if any coordinate x^ go by this means to two coordi- 
nates x'j and x'j', we may write 

«i + ^i «< = «/. 
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But if a;j and x'/ belong to points in the same compartment, 

r^'i 1 _ r ^'i' 1 
L oji J L jCj J ' 

and it follows easily that \-=.^^^ and that the coordinates are the same. 

Theorem III. The number of totient points in any compartment with respect 
to the com'dinate Xi is ^m-i (aJi)- 

It will be remembered ^m-ii^i) indicates the number of sets 

Xi, Xi, Xg, . . . . , a/j_i, Xi^x .... 33^, 

where Xi>Xj >1, fory= 1, 2 m, and/ :^ *, and where also 

\Xi , Xi, X^, .... , JCj _ 1 , CC j _|_ 1 , .... Xm,\ ^^^ 1 • 

If, then, whenever any coordinate Xj is equal to Xi, we subtract ajj, thus 
reducing that coordinate to zero, we get a set satisfying the conditions 

Xi^Xj>0, y = 1, 2, . . . . m andy ^ i , 

and also still 

\_Xf, Xi, X^, . . . . , Xf_i, Xj,^i, . . . . , XmJ ^ 1 . 

We have, then, exactly ^m-i{^i) totient points where the coordinate xt is the 
same in each, and where f — i-1=0. All these points have positive or zero 

coordinates. They all lie in the same compartment, which, for convenience, we 
may call the zero compartment. Since the number is the same for each com- 
partment, the theorem follows. 

Example I. Take to= 2, jCj = 6. Then 4>„i_i {xi) = 2. The compartments 
lie on the line x= Q. In the zero compartment are the points (6, 1) and (6, 6) . 

Example II. Take m=S, £Ci:=6. Then ^,„„i (x^) = 24. The compart- 
ments lie in the plane x = Q. In the zero compartment the points are arranged 
as in the figure : 
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I ^^Hi m 1 1 * 

, I — ( 

< ( I 1 

( I 1 1 

( 1 , . — < 1 1 . 1 



The points in the other compartments are arranged in precisely the same 
symmetrical way. One obtains the points in another compartment by adding 
multiples of six to the coordinates y and z of the points in the zero compartment. 

Example III. Take m = i, Xi=:2 Then ^m_i(ai) = 7. The compart- 
ments are cubes. The zero compartment contains the seven points : 

(1, 1, 1), (0, 1, 1), (1, 0, 1), (1, 1, 0), (0, 0, 1), (0, 1, 0), (1, 0, 0), 

being the vertices of the unit-cube, with the omission of the corner (0, 0, 0). 



For higher values of m , of course, geometrical illustration fails us. 



CHAPTER IV. 
Totient Points in the Plane. Applications. 

The theory of totient points in space of two dimensions is itself so extensive 
and furnishes such a variety of applications that we devote a separate chapter 
to it. 

The mere fact, as indicated by the well-known equation 

lim ^=^ 



ix' 



6 

7^ ' 
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that the number of totient points in the triangle bounded by the lines y = , 
x = y, x = N, is proportional to the area of that triangle, proves nothing as to 
the uniformity of distribution of such points in the plane. In this chapter we 
propose to prove this uniformity in the sense that if N{h) is the number of 
points in or on the boundary of a region of area k, then 

lim^(^)-A 



* = oo 



K 7^ ' 



the area K increasing in a sense to be explained and the region to be character- 
ized more definitely. 

Lemma. Let ^i {x , h) denote the number of integers less than or equal to \Jc\ 
and prime to x, then 

^i{x,k) = —- <^i (a;) + A^, (^, ,) , 

JO 



where | A^j(«. j,)| <a;'°»^ 

For yfc >^ we know that 



7i 



M^,k) = J^(i{d)[S.-^, 



where the sum extends over all d's which are divisors of a. Put 

r Je -] _ k 
l~d-i~'dr~'^''''''" 

where 0<(T(t, <j)*C !• 

We have then ^^ ^^^ ^) = ^^ ^ + ^.. (. ^). 

(d) 



r 

where A^i {x, k) = —^ Og,^ d) /« {d). Suppose a = JI Pf- Since now ^ ((^) = , 
when d contains a square factor, we have A^,(a,, ^ = — ^.^{ic, m w (d'), where the 



id') 



sum now extends over all d"s which divide «' = Jli^i- Grive now a and n their 

maximum value, unity ; then 

\A^i(x,k)\<2'', 

2'' being the number of divisors of x'. Now, unless a; is 1, 2 or 6, we have x ^-e', 
where e is the Naperian base, or r< logo;. With these exceptions, therefore, 

(A^i(a;, ^)|<2'°e''<a;l°^^ 
42 
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But if a; = 1 , A^j (1, ^) = 0, < 1^°K^ 

£c = 2, A^i (2, Zr) = 1 or < 'i^'>^\ 
£c = 6 , A^i (6, ^) = 0, 1 or 2 < 6i°«^ 

and so the lemma is completely established. 

The same proof applies to totient points with negative ordinates. The 
lemma shows to what degree of approximation the number of totient points on 
any line is proportional to the length of that line. 

It is important for certain applications to generalize the problem before us 
in that we subject the points to certain conditions. We discuss first the follow- 
ing problem : 

Problem. To find for every real number a , and every angle a (o <C a <C -^) , 

the number, N(a, a), of pairs of integers, (jc, y), which satisfy the following con- 
ditions : 

[x, 2/] = 1, 

£c= (mod k), 

— < tan a , 

X ~ 

a;< a. 

We are seeking, in fact, the number of totient points whose abscissae are 
multiples of a given number k, and which lie in or on the boundary of a triangle 
A OB whose angle at the origin is a, and whose side OA lies in the direction 
of the axis of x, the angle a being acute. 

The number of totient points on any ordinate y whose abscissa is kx , is the 

number of integers less than or equal to y and prime to kx , which, by our 

lemma, is 

^i{kx) , . 
^"kx ^-f-itfe". »)' 

where | A^i {kx , y)\< {kxy°«^ 

The number of points in question is then 



Lehmer : Asymptotic Evaluation of certain Totient Sums. 319 

But the length of any ordinate y is hx tan a, so 

m 







N{a 


= A + B, 


where 






m 

^ = ^ tan a ^i {hx) , 


and 






5=2A4,i(^x, 2/). 
»=1 


By our 


lemma 




[f] 

x = l 



where J.^ is finite and independent of a (Theorem I, Chapter II). Now the sum 
A is nothing less than $i(a, 1, h) tana, and by Theorem VI, Chapter II, this 
is equal to 

6 a* 
-J —- tan a P^^ ^.^ + tan a A$i (a, 1, k), 



where | A<I>i (a, 1, ^) | < J.^ a log a. A^ being finite and independent of a. 

a^ 
Now, — tan a is equal to the area, K, of the triangle OAB. Putting 

together the above results, we have 

N{a, a) = ^ ^Pa, .) + Ai\r(a, a), 
where | AN {a , a) | < J. tan a log a + Ba^''^^+\ 

A and B being finite and independent of a and a. 

Take, now, another triangle OAB' having the same base OA=:a, and a 
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smaller central angle a'. We see at once that the number, If{t), of points 

(x, p) where 

[x, y] = 1 

and a = (mod k) , 

which lie in the triangle BOB', is given by the equation 

Nit)=^tP,^,, + AN{t), 

where t is the area of the triangle B OB', and 

I AN{t) I < ^ tan a a log a + Ba'°e^+\ 

A and B being independent of a and a . 

Consider, now, a curve, PQ, whose polar equation is 

r=/{e), 




/being a single- valued, continuous function of 0, for 

0<ao<9<«i<^. 

We suppose, to avoid unimportant exceptions, that PQ is not a straight line 
through the origin, nor made up in part of such lines. 

Join P and Q to the origin and call the area POQ = K and the angle 
P0Q=^^. Suppose, further, that the line OQ makes an angle a with Ox, 
wherea<ai; and, for simplicity, suppose the figure OPQ to lie in the first 

quadrant. Divide j8 into n equal angles B„ , so that 0„ = i— , Let the separat- 
ing lines of these angles cut PQ in the « = 1 points, pi, and through these 
points draw parallels to the y axis. We thus get n triangles tj (/ = 1 n). 
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Let ^(„) = 2 tj be the sum of the areas of these triangles. By choosing n large 
enough — say n^ — we may make 



K— K„ 
K 



— '7(ne) ' 



where )7(„^) ■< ^ where e is an arbitrarily small positive number taken in 

advance. 

By what precedes, the number of points (a;, y) such that [a;, j/] = 1, and 
a; = (mod Ti) , which lie in or on the boundaries of the triangles t^, will be 



N{KJ = -^Pa, .) ^(n.) + A i\r (Z;„,) , 



Tt 



where 



ne— 1 



I AiV^(^«e)) I ^ 2 ^ tan a a,- log Uj + Ba}°«^ + \ 



3 = 1 



where a,- is the abscissa ofp^ . Let B be the largest of these abscissae, then 
\AN{KJ I < {n,— l)\A tan aElogB + BR''»^^+'\, 



Now we have 

Also 

and since 
we have 

where 



< i^] J. tan a i? log R + BB'°^^+^. 

N{KJ = iVr(^) - N{K- K„J, 
N{K- K^) < K- K,^ < y,,^^,K, 



I AJV(^) I < /- { ^ tan aR\ogB-\- ^iJi^^^+i ^ ^ C^>7(«p . 
where, further, 



'K 



|C|<l + ^Pa,,,<2 



We have then 



AN{E) 
K 



^ 3 (At&naRlogR , BB^°«^+^] , _ 
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Multiply, now, every ordinate and every abscissa by M. This multiplies B by 
M and K by IP. It leaves /3, a, 6^„^y and '>^^„^^ unchanged. Calling the new 
area K, we have 

AN(K) 



< /g f ^ tan PC B log BM ^ff°g^+^ 1 ^ 



By making Jf arbitrarily large, we may make this ratio approach as nearly as 
we please to the quantity 2)7(„^,, which is less than the arbitrarily small quan- 
tity 6. The ratio j^ ' approaches, therefore, the limit —^ P^ ,,) , as the area 
^is increased in the above manner. It is now seen why we restricted a to be 
less than — . Since totient points are symmetric with respect to the axis of x, 

the curve may cross the x axis. By horizontal summation we can establish the 
same result for curves crossing the y axis as follows : 

Writing x = rnk, we see that for a totient point it is necessary that 

1st. Suppose [yfe, «/] = 1. On any abscissa of length equal to cc, there will 
be as many totient points as there are values of ra such that [m, 3/] = 1, and 

"» S -X" ' which number, as we know, is ~ TlM) 4- a^j f-^ , y\ , where 

2nd. Suppose {k,y']^l; then, instead of the above result, we should count 
none at all, since on such an abscissa [x, y']-^^!. Our plan is naturally to effect 
the sum for all abscissaa under the first supposition, and then correct for those 
where \k, yl^l. 

Take our triangle now as in the figure, with base h on the y axis, and let 
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the angle AOB = 6. Then x = y tan 0. Under the first supposition the sum is 

For the abscissaB where y is & multiple ofpi, one of the factors of Je, we have to 
reject 

r-1 r-1 

1> 7c p,y +Z^^Ak '■^*^/ 
By applying the principle of cross-classification, the result is easily seen to be 

y = l (<J) ^ 

where the inner sum runs over all J's which are divisors of ^. For each value 
dy of the argument, x = dy tan 6, so the result may be written, changing the 
order of summation, 

^ y = l » = 1 id) 

or, in our usual notation, 

Nit) = '-^^f^id)^,{h,i,d)+±'^A^,(^,yd). 

(d) y = l id) 

We then have 

id) 

where \AN{t)\<A tan 6 log 6 + Bb'°^'+ \ 

Now, it is easily seen that 

r 

id) *=i 

where the product extends over all the primes pi which divide k. But since 
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^(1, Pi) = — J—:; I the above product may be written 

Hi^' + l' 

n 
the area of the triangle, we have 



which, when divided by k, is precisely P(i_ ^j, and since further -—ta3i0=K, 

2 



N{t)=^^P,,,,,K+AN{t), 

the limits of A being as above. The rest of the argument now proceeds as 
before. We see incidentally that we would have obtained the same result in 
the first instance if we had used the condition y = (mod Jc) , instead of 
a; = (mod k). A finite number of additions and subtractions will not alter the 
degree of the residue function, and we now may state the theorem : 

Theorem I. Given a closed contour decomposable into a finite* number of seg- 
ments of the type considered. Let the area of the region bounded by this ccmtowr be 
K, and let N(K, \ k) be the number of points (x, y) in or on the bmvndary such that 

05 = (mod k), 
thm ,. iVr(^, \h) _ 6 p 

where K increases by ordinary magnification, all the lines of the figure being length- 

r 

ened proportionally, and where for k = JJ p^', 

i = l 

The condition, a; = (mod k) , may, as we have seen, be replaced by the condi- 
tions y=0 (mod k), the limit remaining as before. Also, the second part of the 
above discussion shows that if we assume a; = (mod k) and y = (mod kf) — 

* The theorem might be applied also to curves where a iinite decomposition is impossible, provided 
the total area is a definite thing and the infinite series of residue errors suitably convergent. 
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where necessarily \k, k''\ = 1 — the result would have been 

lira —j^ — ^ ^(1, *) ^(1, w) , 



lc=<x> 



which may be written —^ P,i^ j^,, . 

7(r 

It is further possible to impose the conditions [x, z] = 1 , [y , z'"} =^ 1 , so 

that our point {x, y) now shall satisfy the five conditions 

I. \x,y'\=l, 

II. a; = (mod h) , 

III. y = 0(mod^), 

IV. lx,z-] = l, 

where necessarily for totient points to exist, 

[x,J^} = l, 
[Jc,z-] =1, 

but where z and ^ may or may not be relative primes. 

The number of points satisfying I, II and III is, as we have just seen, 

-„- ^P (i_ tt-, , which, for shortness, we denote by M. Suppose, now, that 

a = JJ rp and z'=: JJ sf, where r^ and Sj are not necessarily distinct. We reject 

first those values of x which are multiples of the primes r^. By applying 
the principle of cross-classification, the remaining number of points is 

Jf JJ(l — P( 1, r,)), which equals if JJ —^, which equals MzP^^^^y If 

now we suppose [z, s*] = 1, we reject in the same way those points where y is 
a multiple of s^, and get MzP^l^^).z' . P^^^^,), which is the desired result when 
[z, 2'] = 1. Suppose, however, in addition that x and y are both to be prime to 
g". Rejecting those values of x which are multiples of the primes of s", we have 
the above result multiplied by ^' P^^ ^„y From this we need reject now only 

43 
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those points where y is also a multiple of the primes of z". This multiplies the 
result again by ^j {z") . We may put all these results in the following theorem : 
Theorem II. Given a closed contour decomposable into a finite number of seg- 
ments such that for each segment the radium vector is a single-valued, continuous func- 
tion of the amplitude. Let the area of the region bminded by this contour be K, and 
let N{K\ , k, h', z, zf, z'') be the number of points [x, y) such that 



where also 



I. 


'x, y2 = l, 


11. 


x = (mod 7e) , 


III. 


y=0 (mod h') , 


IV. 


[x, z"] =1, 


V. 


[y,«'] =1, 


VI. 


[xy, z"2 = 1, 


VII. 


[h,Jif2 =1, 


VIII. 


[k,z-] =1, 


IX. 


U^,z'l =1, 


X. 


iz,zq =1, 


N{K\,k,k',z,z' 


'^'')- 6 „^^j^. 



then Km 

if =00 it 7t 



where K increases, by ordinary magnification, all the lines of the figure being length- 

V 

ened in the same proportion, and where, for k = JJ Pi\ 



i=l 



Pa,., = ^n^i 



JJ^,6««P.,„ = 1. 



It is not difficult to show that the restriction ax^by (mod k) introduces a 
factor kP^l^ ^ . 

We have seen that in space of any number of dimensions the effect of a 
linear transformation of determinant positive or negative unity, with positive or 
negative integer coefficients, is to throw totient points into totient points. We 
know, further, that in the plane such a transformation leaves areas unaltered. 
Let such a transformation be 

x' = ax -\- ^y; 

y' = yx + 8y; 
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where ah — /?/ = 1 . The ten conditions of the preceding theorem are now, 

dropping accents, 

I. [x,y] = l, 

II. hx = ^y (mod h) , 

III. yx =. ay (mod Jd) , 

IV. I8x-(3y,z] =1, 
V. [yx— ay, s'] = 1, 

VI. l{Sx~l3y){yx-ay),z"]=:l. 

The remaining conditions are not changed. The formula for lim — ^ — L: — ' ' ' ' — I 
is not disturbed. 



We are now prepared to write out an indefinite number of theorems which 
are merely applications of the preceding theorems. It has been noticed (cf. Syl- 
vester, Philosophical Magazine, 1883, p. 251), that the number of proper frac- 
tions in their lowest terms whose denominators are less than or equal to n, is 

approximately — ^ n^. This follows easily when thrown into the language of our 

theorems. We are, as a matter of fact, finding the number of pairs of integers, 
[a;, 2/] , such that [x, ?/] =1, and also such that 1 <y Sw^w. Here we have the 

area K=: -^ and the number is, therefore, —^ -— - or —^ nl More generally 

we might ask for the number of such fractions, where the numerators lie between 
I and ? + m , while the denominators lie between V and T + m'. The area K is 

here mm', and the number in question is — ^— . Manifestly, the number of such 

theorems may be multiplied indefinitely, the one difiiculty in any case being the 
determination of the area ^ which stands for the conditions of inequality. 

Another class of theorems has to do with integral right triangles. By an 
integral right triangle we mean a right triangle whose three sides may be repre- 
sented by integers. Such a triangle is said to be reduced if the three numbers 
which represent the sides have no common divisor except unity. It is well 
known* that the three sides of such a triangle are given by the formulae 

* See Freniole, " Traite des triangles rectangles en nombres," Paris, 1676, §§ xxiv, xxv, pp. 59, 61 ; 
Euler, " Oommentationes arithmeticse, vol. I, pp. 34, 25. Also Annals of Mathematics, vol, I, 3d series, 
No. 8, p. 1. 
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a =: m^ + w^j 
h = m^ — n^, 
c= 2mn. 

If the triangle is to be reduced, it is further necessary and sufficient that 

[to, n] = l, and m =^ n (mod 2). If we take the further condition that the 

hypotenuse a shall be less than or equal to N, we have m' -{-n^< N. If the 

sides are to be positive, we take m ]>«. We may take m and n both positive, 

since — m and — n give the same triangles as + »n and -\-n. These conditions 

Nti 6 Njt N 

give an area K equal to -— - . Our number, therefore, is — g- -— 2P(i g, or -- . 

Thus for N=i 100, -— = 15.9, and actual count gives 16 triangles. 

27t 

If, instead of restricting the hypotenuse as above, we restrict the sum of the 

three sides to be less than or equal to N, we easily get the formula — g- log 2 . 

Manifestly, here also the number of special problems may be indefinitely 
extended. 

The foregoing problem is of special importance in that it suggests a class of 
theorems of which it is a very special case. For any number to serve as the 
largest side of such a triangle, it is necessary and sufficient that it should be 
expressible as the sum of two squares which are relative primes. But the neces- 
sary and sufficient condition that it be so expressible is that every one of its 
prime divisors be of the form 4n + 1 . Further, if the order of the squares be 
left out of account, a number x of this sort can be so expressed in 2''<''^""^ different 
ways, where v {x) is the number of distinct prime divisors of x . We have, then, 
the theorem 

lim '^ ^ = — . 

i(r=o<, JSF n 



where the function ©(4, i)(a;) is equal to 1 or 0, according as all the prime factors 
of X are or are not of the form of 4n -j- 1 . This is, then, a particular case of the 
theorem noted in the Introduction. 
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We now proceed to consider representations of numbers by the binary 

quadratic form 

ax^ + ^hxy + cy^ , 

where [a, 26, c] = 1 , these representations to conform to the three conditions 

I. [a;, 2/]=l, 
II. < aa;^ + Ihxy + cy^ < N, 

III. [ax^ + 2bxy + cf, 2D] = 1, 
where D=^b^ — ac. 

We may suppose [a, 2Z>] =1 (Dirichlet-Dedekind " Zahlentheorie," p. 233), 
and, therefore, [a , 5] = 1 . Now we have 

a {ax^ + 2hxy + cy^) = {ax + hyY — Dy^. 
We may, therefore, replace condition III by 

\ax + hy, 2i)] = 1. 
Our result is, therefore, —2- ^2Z)P(i_ 3^). The area K is to be determined 

from the second condition, and is very different in form according as D is posi- 
tive or negative ; that is, for Definite or Indefinite forms. 

For Definite forms, where D is negative and equal to — A, the area is 

bounded by the ellipse 

ax^ + ibxy + cy^ = N. 

We have, then, K=i ^^ , and the number of points in this case satisfying the 
given conditions is 

For Indefinite forms, we may have an infinite number of representations of 
a number m by one and the same form. Thus, if 

aa? + 2hxy -\- cif = m 

be a representation of w, so also is 

aP + 25^)7 + GYi^ =■ m, 

where ^ = 'U^„■^ . (bx + cy) ± T^^^.x, 

Yi = ?/■(„) {ax + hy) =F T^^) . y , 

where {T^^), U^n)) is any one of the infinite number of solutions of 

f—Du^—l. 
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Now, it is well known (Dirichlet-Dedekind " Zahlentheorie," p. 247) that 
one of these solutions may be isolated from the rest by the conditions 

U{ax-^hy)-Ty^O. 

These conditions define a hyperbolic sector within which all our points must lie, 
which is bounded by the lines 

ax^ + ibxy + c?/^ = iV, 
y — 0, 

U{ax + by)-Ty = 0, 

the area of which is 

N 



2\/D 



\og{T+UVD), 



{T, U) being the fundamental or smallest solution of the Pellian equation 
f — Du^ ■=■ 1 . This being our area K, our number of points in this instance is 

^ ^BP,,^ 3i» iV log ( y + Z7Vi>) . 

If we multiply the above results by A, the number of properly primitive 
classes of determinant Z>, we get the total number of properly primitive repre- 
sentations of numbers less than or equal to iVand prime to 2i). This number is 
otherwise expressible as follows: Let x be any number prime to 22?, and let 
V {x) be the number of its distinct prime factors. If D is not a quadratic residue 
of each one of these prime factors, x is not capable of primitive representation 
by any form of determinant B . If, however, Z) is a quadratic residue of every 
prime factor of a, then the number of primitive representations of x by properly 
primitive forms of determinant B is 62"''"', where e is the number of solutions of 
the Pellian equation f' — Bxi = 1. 

In the case of Definite forms e = 2 , except for the single case Z> = — 1 , 
where e = 4 . 

In the case of Indefinite forms, the number of solutions of the Pellian equa- 
tion is infinite, but our isolating conditions noted above amount to making e = 1 . 

Now the primes, of which D is a quadratic residue, belong to a certain set s 
of linear forms (Dirichlet-Dedekind, " Zahlentheorie," p. 121). If x is then made 
up of primes belonging to these forms, we get 2"'*'^ primitive representations. 



Lehmer: Asymptotic Evaluation of certain Totient Sums. 331 

otherwise none at all. If, then, as in the Introduction, we define a function 
0g(a;), which equals 1 or 0, according as each prime divisor of x does or does 
not belong to a form of the set s of linear forms, we may write for the above 
number of properly primitive representations 

N 
x = l 

For Definite forms this gives 



s lim ^-^ ,= = 1^ hVAPa 



For Indefinite forms, we get 

e lim '^^^—^ = ~ hVLTp,,^ ,j,, log (7+ UsfD). 



N=a> 



We have thus established, for a large number of cases, the theorem men- 
tioned in the Introduction. The method will not avail to establish the law for 
other systems of forms s, such as for example the single form 4n — 1 , where the 
law seems to be 

22'"^>0,(a;) 
lim "-^ sf = — • 

The form 4ra — 1 belongs to quadratic forms only in connection with other linear 
forms. 

From these last equations we may derive new expressions for the number 
h of properly primitive classes of determinant D. 

For Definite forms 

^ = e -!rx -~ir Pn. 2a> lim 



12 VA^<^'^^'S W 



For Indefinite forms, 

i2-'(-)0,(x) 

^=Pr^Tr^ i 7r. ■ rr ,r.. Hm ^=^ 



WD • iPa, ,j>, log ( r+ C^^/ D) ;'i'i N 
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Again, from the well-known formulaa for ^ (Dirichlet-Dedekind, "Zahlen- 
theorie," §§97-101), we may write the equation for Definite forms, 

JV 

where, on the right, the sum (which is not independent of the order of the terms) 
is arranged according to increasing values of i, the symbol (-^-) being Jacobi's 

symbol. 

For Indefinite forms, the equation is 



N 



y 2'<*'0,(a;) 

,i..|i:iz=i|_^p,.„„2:i(i^). 

From these last two expressions, we observe that if s and s' denote the sets 
of linear forms belonging to binary quadratic forms of determinants D and — 1> 
respectively, we have 

lim'-' -'- » ^ ' ^ 



N 



■22-«e,.(.) |4-(^) 



Let us restrict ourselves to numbers m^ which belong to a particular form 
of the above set s of linear forms. (Clearly the factors of w^ may or may not 
belong to this particular form.) This restriction might be written as a congru- 
ential condition on m^. It might then be written as a congruential condition on 
X and y. The modulus of this congruential relation would depend only on the 
modulus of the forms of the system s, and so would be the same, whatever par- 
ticular form we have selected. Bach linear form of s , therefore, furnishes the 
same number to the above sum, and the number thus furnished by each is the 
total number divided by the number of forms in s . 

Now, the total number of linear forms belonging to a quadratic form of 

determinant Z) is well known. (Cf. H. J. S. Smith, Works, vol. I, pp. 206, 207.) 

If we write J^- 

2) = 2«nK. 



i=l 
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where the p/s are odd primes, the number in question is 

r 

where D' = JJ Ps and Jc is given as follows : 

i = l 

A;= 1, when D= 1 or 5 (mods), 
7c=2, " Z)= 3, 4 or 7 (mod 8), 
7c = S, " i) = 0, 2 or 6 (mod 8). 

r 

But i 4>i (2*= Z)') = 2*-^ JJ (pi — 1), so that we have for each form 

n(p~i) 

This is not a case of the theorem noted in the Introduction. In this we have 
imposed the further restriction that the number x should belong itself to a 
particular form, its factors belonging to the forms of s . 

CHAPTER V. 
Further Results and Desiderata. 

The theory of totient points in space of m dimensions is as yet incomplete. 
Proofs of the following theorems have been obtained, however : 

Theorem I. Denoting by ^^{x, kiyk^, . ■ ■ • , 7c^) the number of sets of integers 
XiXc) .... x,„ such that [x, Xi, x^, ■ ■ ■ • , jcj = 1 and x>7Ci>Xi>l, we have 

^mixyJci, .... K)=^f[ [-|-] (I (d), 

(d) i = 1 

the sum extending over all d^s which are divisors of x. 
By means of this we get 

Theorem II. ^^{x,\, ...., k^) = f[ h ^^ -\r^^rn{x, h, ■ - • , K), ^Jiere 

i=i 
I A^„(a;, ^1, , k^)\<Ak^~'^x^''^^, where A is finite and independent of x, and 

h is the largest of the parameters hi . 

This theorem is seen to be a generalization of the lemma of Chapter IV. By 
means of it we have established a certain "density theorem" for totient points 
in space of m dimensions. We use the following notions and definitions : 
44 
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An m dimensional surface is the locus of points (a;j , Kg , ... , x„) satisfying 
a single relation F{xi,3Ci, ... , a5„) = 0. Two points not on the surface will 
be said to lie on opposite sides if, when their coordinates are substituted in 
F{xi, ajj, .... Xmi> the two results are different in sign. 

If all the points lying on one side of a surface have all their coordinates 
finite, the surface will be called closed, and the points will be said to be on 
the inside. 

The content of a closed surface will be defined by the integral 



l^(m) —11 r dxidx^ . . . . dx^, 



the limits being taken so as to include all the elements dx^dx^ .... dx^ lying on 
the inside of the surface. 

We speak also of the intersection of two m dimensional surfaces as the locus 
of points satisfying the equations of both. Points lying on a definite side of each 
surface may have all their coordinates finite, in which case we may speak of the 
content enclosed by the two surfaces. 

We have then established the following theorem : 

Theorem II I. The number of totient points within or mi any closed surface of 
m dimensions being denoted by iV( F), where Vis the content of the surface, we have 

lim^(I-) = -J_ 

V 00 1 > 

F = 0O V ^y ^^ 

i=l 

where the content Y is supposed to increase by multiplying the coordinates of every 
point on the surface by the same multiplier. 

We have not discussed those cases where the coordinates are subjected to 
further restrictions. It is hoped that theorems concerning primitive representa- 
tion by m-ary forms may be obtained, with perhaps applications similar to those 
obtained in the case of binary quadratic forms. 

A method of discussing the following problem is also still lacking : 

"To prove or disprove the equation 

lim '-^ = constant. 



N=<x 



X 
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where ©(^^ ;,) {x)=l or , according as all the v (x) distinct primes in x are or are 
not of the form an + b where [a, J] = 1 ." 

A proof of this theorem, if it is true, would furnish easily a proof of Dirich- 
let's theorem that the number of primes of the form an + b, where [a, b] = 1, 
is infinite. We have, as we have seen, proved the theorem for the forms 4n + 1 
and 6n + 1 , which belong to the forms a^ + if and x^ + Sy^ respectively. For 
quadratic forms in general, we have to reckon with more than one linear form. 

In connection with this last theorem, we have established the following 
equation, which may be of assistance in solving the problem : 

Mr r s 

where T{k) =V JJ^^.^ (1 + 2ai), where alsoji* = JJj),-' iQ$f, where, we suppose, 

j=,l i = l i = l i = l 

Pi and qi are primes > 1 such that 

Pi = an -\-b, 
qt^an -\- b. 



